For a class of higher dimensional autonomous systems that have an invariant affine manifold, conditions are derived to preclude the existence of periodic solutions on the invariant manifold. It is established that these conditions are robust under certain types of local perturbations of the vector field. As a consequence, each bounded semitrajectory on the invariant manifold is shown to converge to a single equilibrium using a C 1 closing lemma for this class. Applications to autonomous systems that are homogeneous of degree 1 are also considered. ᮊ
Ž . where x ¬ x is a real-valued function.
Ž .
Ž . Ž . A system 1.1 satisfying H and H will be called an autonomous 1 2 Ž . system ha¨ing an in¨ariant affine manifold, since H is equivalent to that 1 
⌫ is invariant with respect to 1.1 . Let a s Bx. We denote the class of such systems by S S . When B and a are implied or when their appear-
B, a
ance is not essential, we denote this class simply by S S. This is a wider class w x Ž . than that considered in 12 , where 1.1 was assumed to satisfy:
The Jacobian matrix Ѩ frѨ x can be written as
where is some constant.
There is a constant matrix B such that rank B s r and 2 BA x s 0, x g X , 1 . 6
Ž . Ž .
Ž . and the corresponding system 1.1 called an autonomous system ha¨ing an in¨ariant linear subspace. In this case, the existence of an invariant affine Ž . Ž . manifold was proved as a consequence of 1.5 and 1.6 . Systems in S S enjoy concrete examples arising from many different areas which are not w x covered by systems considered in 12 ; for instance, the hypercycles which Ž w x. describe self-organization in Mathematical Biology see 8, 11 , and some epidemiological models which allow variable total populations such as Ž w models with disease-related death and with vertical transmission see 1,
x. Ž . 3 . A general class of homogeneous systems of degree 1 Section 3 can also be treated in this context. In many cases, our prime interest in systems that belong to S S is the behaviour of solutions that stay in the invariant manifold ⌫. The main purpose of the present paper is to derive Dulac type conditions for the nonexistence of periodic solutions in ⌫. Generalizations of the criteria of Bendixson and Dulac to higher dimensions have been obtained in the w x context of general autonomous systems by many authors 2, 14, 19, 21 . In Ž . our situation, one usually tries to restrict 1.1 to the invariant manifold ⌫ to get a lower dimensional system and then apply these general criteria. However, the effectiveness of this approach depends critically on the w x choice of coordinates for ⌫. A different technique was developed in 12 which does not require this reduction in dimension and thus is independent of any choice of coordinates for ⌫. As a consequence, Bendixson type conditions were derived more coherently and more economically. In the present paper, this technique is further explored in deriving Dulac type w x conditions for systems more general than those considered in 12 . We also w x present some applications where the theory in 12 is not applicable. w x Autonomous convergence theorems were first obtained in 15, 21 , and w x n later in 16 , for general autonomous systems in R . Certain higher dimensional Bendixson᎐Dulac criteria were shown to be robust under C 1 perturbations of f and this robustness was used, together with the C 1 w x closing lemma of Pugh 20 , to show that each bounded semitrajectory converges to an equilibrium under any of these higher dimensional Bendixson᎐Dulac criteria. In developing this type of result in Section 3 for systems which belong to S S , we prove in Lemma 3.3 that a local C 1 closing lemma can be applied to systems in S S , namely, we are able to show that the perturbation may be chosen from S S.
The paper is organized as follows: in Section 2, we derive Dulac criteria for systems in S S ; in Section 3, we prove an autonomous convergence theorem on ⌫, after we show the C 1 robustness of our Dulac criteria in a very specific sense and prove a local C 1 closing lemma for systems in S S by applying Pugh's result; in Section 4, we present an application to autonomous homogeneous systems of degree 1. Therefore the linear subspace ker B s u g R : Bu s 0 of R is invari-Ž . Ž . ant with respect to the linear system 2.2 in the sense that u 0 g ker B Ž . Ž Ž .. implies u t g ker B for t g R, since Bu t Ј ' 0. Linear differential w x systems with such invariance properties were investigated in 12 . We first recall a result proved there. Let W be the euclidean unit ball in R and let W and Ѩ W be its closure Ž . and boundary, respectively. A function g Lip W ª ⌫ will be described Ž . as a rectifiable 2-surface in ⌫; a function g Lip Ѩ W ª ⌫ is a closed rectifiable cur¨e in ⌫ and will be called simple if it is one-to-one.
DULAC CRITERIA
A method for deriving Dulac type conditions for general autonomous w x Ž . systems was developed in 14 by studying the evolution under 1.1 of certain functionals which are defined on rectifiable 2-surfaces. If ⌫ is Ž . simply connected, for a given simple closed curve in Lip Ѩ W ª ⌫ , the set norm is y s y*y , where here and throughout the paper asterisk Ž . denotes transposition, then A A is the usual surface area of W . Since ⌫ w x is affine, the following result can be proved as Proposition 2.2 in 14 .
PROPOSITION 2.2. Suppose is a simple closed rectifiable cur¨e on ⌫.
Then there exists a ␦ ) 0 such that
We make the following assumption:
Ž . H ⌫ is simply connected and there is a compact set K in the 3 Ž . interior of ⌫ which is absorbing for 1.1 .
x is uniformly bounded for x g K. Let be Ž . < < the Lozinskiı measure or the logarithmic norm with respect to и defined Ž w x w x . by cf. 6, p. 41 , or 19
Ѩf y 1 y1
Here P is the matrix obtained by replacing each entry p of P by
Ž . is the r q 2 nd additive compound matrix of the Jacobian matrix Ѩ frѨ x. Define the quantity
. We note that, since K ; ⌫, the time average in 2.6 is only calculated along solutions on the affine manifold ⌫. Since ⌫ is invariant, q is well 
Suppose that, on the contrary, there is a simple closed rectifiable curve 
Ž .
Direct differentiation yields that ẗ t s u t n u t n w t nиии n w t exp 2 p ds
, N s . Therefore ⍀ t s P p¨t satisfies the equation Ž .
Ž . Since W ; K for sufficiently large t, and P x is uniformly bounded t Ž . for x g K, this implies that¨t ª 0 as t ª ϱ, uniformly for p g W. Thus Ž . Ž . < < by 2.11 and 2.12 , Ѩ rѨ p n Ѩ rѨ p ª 0 exponentially as t ª ϱ, and
the exponential rate is uniform for all p g W. As a consequence, A A ª 0 t Ž . as t ª ϱ. This contradicts 2.9 , completing the proof of Theorem 2.3.
Ž . Remarks. i Condition 2.7 rules out the existence in ⌫ of orbits of Ž . Ž . Ž . the following types: a periodic orbits, b homoclinic orbits, c heteroclinic cycles, since each of such orbits gives rise to an invariant simple closed rectifiable curve.
Ž
Ž . 
iii that no simple closed rectifiable curve on a level surface S defined by Ž . Ž . Bx s c can be invariant with respect to 1.1 if div f -0 for almost all w x x g S. This gives a result of Demidowitsch 7 for the case of a linear first integral.
iv For many systems which describe population dynamics, the feasible region X is usually the nonnegative cone R n and the affine manifold q ⌫ is the portion of a hypersurface bounded in R n , e.g., the simplex q Ä n n 4 Ž . xgR : Ý x s1 ; the assumption H in such a case is equivalent to
Ž . Ž w x. the uniform persistence of 1.1 in ⌫ see 5 .
CONVERGENCE OF TRAJECTORIES AND GLOBAL STABILITY
Ž . In this section, we investigate further implications of condition 2.7 for Ž . the behaviour of solutions to 1.1 which stay on the invariant manifold ⌫.
Ž . We begin by studying the robustness of condition 2.7 under certain < < n smooth perturbations of f. Let и denote a vector norm on R and the operator norm which it induces for linear mappings from R n to R n . The 1 Ž n . distance between two functions f, g g C X ª R such that f y g has compact support is Proof. Since ⌫ is affine, without loss of generality, we may assume that Ž . ⌫lies on the coordinate plane x , . . . , x and that x is at the origin. Ž . we assume ⌫ ; X . If x s x , . . . , x , we write x s x , . . . , x and
, . . . , x so that x s x , x . In this setting, the matrix B ny rq1 n Ž . may be chosen as the form B s 0, I . r=r Ž . Now f is a mapping from ⌫ to X , and thus system 1.1 is a n y r
nyr Let U 0, ␦ ; R be a euclidean ball centered at the origin and of 1 Ž . radius ␦. We choose ␦ small enough so that U 0, ␦ ; U and 1 Ž2.
tion whose trajectory passes through 0.
Since this periodic trajectory necessarily stays in ⌫, the lemma is proved if we can extend h to a function h defined on X so that g s f q h
n n where x s x , x , and a function x ¬ h x from R to R by
Ž .
Ž . Jacobian matrix Ѩ frѨ x may be written in the block form
be the eigenvalues of Ѩ frѨ x x with respect to the Ž . matrix representation, x s 0 so that its stable manifold in ⌫ has 1 1 dimension n y r y 1 and there is a 1-dimensional center manifold in ⌫ which contains all nearby equilibria in ⌫, by the Center Manifold Theorem Ž w x . cf. 9, p. 48 . To prove the assertion that each nonempty alpha or omega limit set is a single equilibrium, first observe that since each limit point is nonwander-Ž . ing, it is an equilibrium. Let x g x , the omega limit set of x for 
Ä 4
Proof. Clearly x is globally attracting in the interior of ⌫ since 0 Theorem 3.4 implies that it is the omega limit set of every trajectory Ä 4 starting in the interior of ⌫. Moreover, x is stable since otherwise it 0 would be both the alpha limit set and the omega limit set of some homoclinic trajectory ␥ ; ⌫, which gives rise to a simple closed invariant Ž w x . curve that is also rectifiable see 15, the proof of Corollary 2.6 . This has been ruled out by q -0. 
HOMOGENEOUS SYSTEMS OF DEGREE 1
Ž . In this section, we consider autonomous system 1.1 under the assump-Ž . tion that f x is homogeneous of degree 1, namely,
Such systems have been used in modeling of population dynamics and the Ž w x. spread of infectious diseases e.g., see 3, 18 , where components x of x i are restricted to be nonnegative. In the same spirit, we assume that each < n component f of f satisfies f G 0 so that the nonnegative cone R is Observe that ⌬ is an affine manifold in R n defined by 
is said to be self-regulating. For 3-dimensional self-regw x ulating systems, a result of Butler, Schmid, and Waltman 4 implies that Ž . 3-dimensional volumes decay exponentially along solutions of 1.1 , whereas Ž . Theorem 4.2 implies that if 1.1 is also homogeneous of degree 1, then 2-dimensional surface areas as well as 3-dimensional volumes, when projected onto ⌬, decay exponentially. Moreover, the projected dynamics of Ž . 1.1 onto ⌬ is trivial in the sense that every nonwandering point is an equilibrium and bounded solutions either converge to equilibria or approach the boundary.
Ž .
Ž . Ž . 
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